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Introduction
This paper is concerned with oscillatory behavior of all solu- A(v,u) = VZI 1 ndA(n,n,) = HZI 1 e
tions of the nonlinear second order difference equations with pu al(s) = a—(s)
mixed neutral terms of the form o o (1.2)
A((a(n)(Ay(n))a)-%—q(n)w” (n—m+1)+p(n)w” (n+m‘):0 n 2 n Z n 9 = max k m _1 m* +1
(1.1) for 0 ik, ’ } By a solution
where of equation (1.1), we mean a real sequence {x(t)} defined for all

t=t_0-0 and satisfies equation (1.1) for all t=t_0. A solution of equa-
AW([) = w(t+1) - W(t) and y(n):w(n)+p, (n)wﬂ (n—k)—p2 (n)w5 (n—k). . . . o .
tion (1.1) is called oscillatory if its terms are neither eventually

We shall assume that positive nor eventually negative, otherwise it is called nonoscilla-
tory. If all solutions of the equation are oscillatory then the equa-
() «By”and”dare the ratios of positive odd integers, a=1. tion itself called oscillatory. In recent years, there has been a great
() {p_1 (N)}{p_2 (n)}, {q (n)} and {p (n)} are sequences of interest in establishing criteria for the oscillation and asymptotic
positive real numbers. behavior of solutions of various classes of second-order difference
. . equations, see [1-15] and the references cited therein. However, to

() k, m, m*are positive real numbers withh (n)=n-m+k +
the best of our knowledge, there are no results for second-order
1 and h* (n) = n+ m* +k. difference equations with mixed neutral terms of type (1.1). More
exactly, existing literature does not provide any criteria which en-

We let sure oscillation of all solutions of equations (1.1). The aim of the
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present paper is the linearization of equation (1.1) in the sense that
we would deduce oscillation of studied equation from that of the
linear form and to provide new oscillation criteria (taking the linear
form of equation (1.1) into account) via comparison with first order
equations whose oscillatory behavior are known. The obtained re-
sults are new, improve and correlate many of the known oscillation
criteria appeared in the literature for equation (1.1).

Main Results

In this section we study some oscillation criteria for equation
(1.1) when $<1” and “ §>1. We start with the following fundamental
result. See [10, Lemma 1], and for the proof of (I), see [15, Lemma
2.2].

Lemma 2.1. Let {q (n)} be a sequence of positive real numbers,
m and m*are positive real number and f: R— R is a continuous non-
decreasing function, and x f(x) > 0 for x#0,

() The first order delay differential inequality

Ay(n) + q(n)f(y(n —m+ 1)) <0 has an eventually pos-
itive solution, so does the delay equation

ay(m)+q@) f(y(t-m+1)) <0

(1) The first order advanced differential inequality

sy(6)=gq(n) f(y(n+m"))20

tually positive solution, so does

has an
the

even-

delay equation

2y(n)—q(n) f(y(n+m’))=0 Lemma 2.2. [13]. I X and Y

are nonnegative, then

X +(A-DY*=AXY"" >0 ford > 1, 1)

X' —A-A)Y* - 2XY*"' <0for0< A <1

lim[g,(n)+g,(n)] =0
n—>0 (23)

If the first order advanced equation

aZ(n) —lp(n)Ag(h*(n), p(n))zl_mg(p(n)) =0
a (2.4)

is oscillatory, where p(n) = n +m*+k-k, t, and assume that there
exists a number 6€(0,1) such that both the delay equations

aw(n)+ 04 (n—m+1,t)g(m)W(n-m+1)=0 (2.5)

for some n,>n; and

ax(n) Q) A7 (In). h(m) X ™2 (1(m)) = 0

a (2.6)
where, §(n)=n-m+k +1<t

Proof. Let {w (n)} be a nonoscillatory solution of equation (1.1),
say w (n) > 0, w(n-k)>0 ,w(n-m+1)>0, and w(n+ m*+1)>0 for n>n,

for some n,>n. It follows from equation (1.1) that

a((a(m)(ay(n)*) ==q(mx"(n=m+1)) = p(m)x“(n+m)<0 7,

((a(}’l)(Ay(l’l)a is and

Hence nonincreasing

. . _ n,2n
of one sign. That is, there exists a such that

ay(n)>0 or ay(n)<0 for n=n2 Now, we see that
1

A(a(n)(Ay(n)a) :A(a;(n)Ay(n))a Taking the difference

of the above inequality, we get

ala(m)ay(m)™) = (@7 (n)ay ()™ )a(@® (may(n)
a (2.8)

(2.2)
where equality is held if and only if X = Y, From equation (1.1) one can easily see that
In what follows, we let A(ai(n)ay("))+é(ai(n)Ay(n))”")q(n)xa(nfm+1)+p(n)xc‘(n+m*) <0 2.9)
g,(n)=(5-1) 3 —65,;2 1_;%, g(n)y=1-7) ﬁ’i 5 bﬂ_ﬂ1 @ pﬁ(n) From (2.9) one can easily get
1 i
S ) N () N A(a5<n)Ay<n))+é(a5(n)/sy(n))‘*“>q(n)x“ (n=meD=0
(P, () (P, (h(m))? “for some We shall distinguish the following four cases:
n”"zn_0,” where “ {b (n)} is a sequence of positive real numbers.
Now, we present the following oscillation result. Theorem (1) y(n) > OandAy(n) <0
1. <1” “ 86> iti i) - (i . . As-
:ulme[; i;ft tlhel;:1 ixis('sc plt;sci:i:: lzle::r:er(llc)es ((ll)vzt;}n:ngilsc))si(i)\l/: riZl (1) Y (n) > OandAy (n) >0
numbers k and k, such that k, < m-k, and k, < m* + k +1 such that " y(n) < OandAy(n) >0
Copyright@ Said R Grace | Biomed ] Sci & Tech Res | BJSTR. MS.ID.007522. 38646
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V) y(n) <0anday(n)<0

ay(n)<0 . nzn, By

First, we consider Case (I): Since
lim y(n)=-
condition (1.2), we conclude that ">

to the fact that y (n) is eventually positive. Next, we consider Case

a contradiction

(I1). Now, from the definition of y (n), we get
y(n) = w(n) +(b(myw(n—k) = p,(mw’ (n=k)+(p, (MW’ (n = k) = b(nyw(n —k))
Or
w(n) = y(n) + (bW —k) = p,(m)w’ (n—k) = (p, ()W’ (1~ k) = b()w(n—k))

If we apply (2.1) with

1 -1

A=0>LX= pz‘;(n)w(n)andY (—b(n)p2‘5 (n))

we have

B, P
s

()l (n):= g,(n)

(p,(m)w

Thus, we see that

w(n) =1 —My(n)
y(n)

Since y (t) in nondecreasing, there exists a constant C > 0 such

that y(n)=C, and so, we have

w(n)>[1-

g (n) ‘; g,(n) y(n)

Now, there exists a constant ¢, €(0,1) such that
w(n)zc y(n
(2 eym

Using (2.11) in (2.10), we have

1 a

a(a” (n)Ay(n))+C (a” (n)Ay(n))1 “a(m)y“(n-m+1)<0

(2.12)

Clearly, we see that
) =Y o ()@ (5)ay(s)) 2 Aln,m) (@ (n)ay(n)) |

Using this inequality in (2.12), we find

1 a
a(a®(n)ay(n)) O g (n—m+1,n)q(n)y(n—-m+1)<0
we get a
1

(2.14) We let v(n)=a“(n)Ay(n) and so, we see that

v(n)

a(n)

ay(n)=
g Y1) = A(n,n)v(n)

equality in (2.14), we have

Using this in-

a

av(n)+ Sy (n—m+1Lt)q(n)v(n—-m+1)<0
a

It follows from Lemma 2.1. (I) that the corresponding differen-
tial equation (2.5) also has a positive solution, a contradiction. Next,

we consider the cases when y (n) < 0 fort=t,.

Let
2(n) = =y(n) = =w(n) = p, (MW’ (n=k) + p, (MW’ (n—k) < p,(M)w’ (n—k)

Or
ST z(t) N> 2(t+k) -
w(t—k)2[1-( 2()) . x(0)2[1=(——= 2(t+k))
and  so, Now, we consider  Case (1. Clear-
—_ >
ly we see that az(n)=-Ay(n) <0 for n=n

a((a(n)(az(n)”)=qgmw*(n—m+1)+c(n)w*(n+ m’)

> q(n) b(h(n)) Lo p) p(n)
pé (h(n)) pi (h (n))

proof of Theorem 2.1, we see that

d(h*(n))
(2.15) As in the

al(a(m)(az(n))* =aa®(n)az(n))® = a(a®(n)az(n))*")aa® (n)az(n)).
(1.1)

i(a;(n)AZ(n))”’I Nq(m)x® (n=m+1)+ p(m)x“(n-+m’)

From  equation one can easily see that

Aai(n)Az(n))“ >

or

aa®(n)az(n))® = l(a;(n)Az(n))"" )(Q(n)z%(h(n)) + p(n)x®(n+ m')]m?(n)Az(n)).
"‘ (2.16)

From (2.16) one can easily find that

sa (m)az(m)® == (a (n)az(m)*)O(n)z® (h(n))
a 17)

We consider Case (I1I) where z(n)>0 and Az(n)<0 Now, for n,<usv,

we may write Az(n)=-Ay(n)<0 for nn,

C]a y( ) a -
-m+1)<0 o
A(a (n)ay(n))+—— (A( ) q(n)y (n—m+1) - 2w -20)=-Sa* (S)(a(s)(ﬂ(s))a,, > AQv, u)[_a (V)(AZ(V))J
(2.13) s We letu =
y(n) h (n) and v = {(n) in the above inequality we see that
is easy to see that the function A(n’ nl) is anonincreasing and so,
38647
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1
2(h(n) 2 ACE(n), h(m)(=a* (EMa2(EM) (5 10

Using (2.19) in (2.17), we have

Vs (5)7(W)) +?(“3(N)V:(ﬂ))ﬁ,, Q)G W) (=06 (RN, 20

which finally takes the form

aw(n) %(Q(n)Aﬁ(é(n), Wy " () <0

a
where W (n) = a (n)AZ(n) . The rest of the proof is similar to
that of Case (I) and hence is omitted. Next, we consider Case (IV),
i.e, z(n)>0 and Az(n)>0. Now,

n—l

z(n)=z(n)—z(n—k))= Y

s—n—k,

a_;1 (s)aé (8)az(n)

1
> A(n,n—k,)a*(n—k,)az(n—k,)
1

> 2k (1) = ACK (n), pn)a“ pmaz(p(m) y o o
inequality in the inequality (2.18) we get

Or

a(a®(n)az(n)) = i(a;(n»z(n»“" )p(n)[A(h*(n),p(n»a;p(n)upm»} .
It

is easy to find that

1

ala® (az(m) = - p(m) 4% (0" (), p(m) 275 (p(n)).

o It fol-
lows from Lemma 2.1. (II) that the corresponding differential equa-
tion (2.4) also has a positive solution. This contradiction completes

the proof.
Remark 2.1.

We note that the results of this paper can be extended easily to
the more general equations of the for

Ala(n)a(w(n)+ p(m)w” (n=k) = p,(mMw’ (n—k))*) +q(m)w (n—m+1)+ p(n)w* (n+m’) =0

where the coefficients are the same as in equation (1,1) with
y and p are the ratio of positive odd integers. The details are left
to the reader. For the special case when o= §, i.e. ,the equation
Ada(m)a(w(n)+ p(mw” (n=k) = p,(m)w* (n=k)*)+g(mw" (n+m=1)+ p(mw" (n+m") =0
(2.20) and when a=1,i.e.the equation

a(a(ma(w(n)+ p,(mw’ (n=k) = p,(Myw(n—k)) +qmyw(n+m=1)+ p()x(n+m’) =0
(2.21) we have the following interesting results Corollary 2.1. Let
the hypotheses of Theorem 2.1 hold with equations (2.4) and (2.6)
are replaced (respectively) by:

az(n) —lp(n)A(h*(n), p(HZ7" p(n))=0
a (2.22)

aw(n) +éQ(ﬂ)A(§(H), h(m)w™*(5(n)) =0

(2.23)
Then equation (2.20) is oscillatory:.

We also have the following result from corollary 2.1 for equa-
tion (2.21): Corollary 2.2. Let the hypotheses of Theorem 2.1 hold
with equations (2.4) and (2.6) are replaced (respectively) by

az(n)= p(m)A(h (n), p(MZ(p(n) =0 ,

aw(n) +Q(m) A(S(m), A(mW (S(m) =0 () 5o
Then equation (2.21) is oscillatory.

The following corollary is to employ some integral conditions
rather than the oscillatory behavior of first order equations in-
volved. Corollary 2.3. Let the hypotheses of Theorem 2.1 hold. If

wherel<a<2

_1\»m
7 p(s)A(h*(s),pm){i:%

p(n)-1
whena =1

liminf
" (2.26)

n-1
liminf Z q(s)A* (s —m+1,n)) =cowhenl < a

N (2.27)
And

e L

liminf ACELHN a7y Whenar =1

imin FéZ(n)Q(S) (&) AN (&) + 12T (2.28)

then equation (2.20) is oscillatory. The following example is il-
lustrative: Example 2.1. Consider the mixed neutral second order
differential equations

a(n’ a(w(n) +%w§(n —k) 7w%(n —k)) 2) +q(n)w§(n +m—1)+ p(n)wg(n +m’)=0 (229)

And

a(n’ A((w(n) + 1 w%(n —k)y—w(n— k)]+ gmyw(n—m+1)+ p(mywn+m") =0
” (2.30)

Here we have {q(n)} and {p(l’l)} are are positive sequences

of real numbers ,a (n)=n*A(n,n, )=

g1
s=m § p_1 (n)=1/n-0 as n—oo and p_2 (n)=1=b(n), a =5/3=6
and B=1/3, k, m,m"are positive real numbers with h (n) =n-m +
k + 1 and h* (n)=n+m*+k and positive real numbers k, and k, such
that k; < m-k, and k, < m* + k +1 with p(n) = n +m*+k-k,>n and

§(n)=n-m+k +1<n. It is easy to see for appropriate function p and
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q and the numbers k, and k, that all conditions of Corollary 2.3 are
satisfied and hence every solution x (t) of equation (2.29) (respec-
tively (2.30)) is oscillatory.

Remarks

The paper is presented in a form which is essentially and of
high degree of generality. It will be of interest to study these results
for the higher order of the

A((a(m)(an"" y(m)*) +g(mw” (n—m+1)+c(mw* (m+m") =0 (2.31)

and
A(a(n)(an™" y(n)*) = g(m)w™ (n—m+1) +c(m)w” (m+m"). (2.32)
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