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Introduction

Lenses are a basic element of optical systems and are used to 
control the shape of the wave surface, in particular, the focus of the 
radiation [1,2]. Another important to practice to the scope of the 
lenses is ophthalmology [3,4], enables the use of lenses to correct 
people’s impairments. There are many other applications of lenses: 
a dielectric lens for radio astronomy [5-7], gravitational lenses [8,9], 
acoustic lenses to focus the energy of shock waves [10] etc. Usually 
a lens is transpar- ent for waves of a body bounded by two spherical 
surfaces or a spherical and flat surfaces [1, 11-13]. While for good 
quality images you need a very high quality of the surfaces of the 
lens. This is ensured by a complex technology of manufacturing 
lenses and holds to their high cost. The lens, for example, due to 
the physical effect of aberrations [1,2] have several shortcomings 
which cannot be eliminated. The image of the remote point source 
produced by a wide beam of rays, refracted by a lens, is blurred. 
This limits the possibility of obtaining high-quality images using 
conventional op- tics. Technology coating of any profile to ensure a 
good convergence of the beam is limited. 

Relatively recently, it was obtained a medium with negative 
refractive index that enables the use of a plane layer of optically 
negative environment, metamaterials get rid of the problems of 
aberrations and to obtain (at least in theory) a perfect lens [14,15]. 
The most practical use of this flat lens, how- ever, is difficult [16,17]. 
The use of metamaterials imposes significant restrictions on the 
desired position of the object relative to the lens for the realization 
of the positive properties of the lens. Even greater problems arise 
when the decision is important in medical practice the tasks 
of input of radiation in specific points inside a transparent for 
radiation of solids or any fluids. This article shows that, despite the 
possibilities of modern technology for coating any profile, it is more 
expedient to ensure beam convergence by changing the parameters 
of the signals them- selves using films with nonlinear parameters. 
This allows, in addition, it is relatively easy to control the focus 
area of the radiation. Here, the possibility of self-control of beam 
convergence due to the transverse distribution of the field intensity 
of the beam itself is considered. The focusing effect is realized using 
a layer or film of a dielectric with non-linear dielectric constant.
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The effect of focusing a light beam of finite cross section when passing through flat 
films with Kerr type nonlinearity is considered. The focusing conditions are obtained, 
which depend on the film thickness, nonlinear refractive index, and field distribution 
over the beam cross section. It is shown that for effective focusing it is necessary to 
ensure a special distribution of the field over the cross section, approaching the 
Gaussian distribution. The focusing method under consideration is more effective than 
other methods for focusing radiation at points of media located in the internal cavities 
of material bodies in the frequency regions transparent to radiation, including biological 
objects. The features of light diffraction by holes in the screen are considered taking into 
account the in homogeneity of the field distribution in the region of the holes associated 
with the inhomogeneous distribution of the field intensity over the beam cross section. 
A relation is obtained for calculating the field distribution during diffraction by the 
opening of a waveguide in media with a non-linear dielectric film on the surface.
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Methods

Using the Maxwell equations, we consider the problem of 
passing a beam of light of finite width, limited in the transverse 
direction, through a thin layer (film) of a dielectric of thickness d 
with a nonlinear Kerr type refractive index:

2 4
1 3( ) ( ) ( ) ( ) ...NL NLn r nL r E r E rχ χ= + + +                   (1)

The nonlinearity coefficients 1 , 3 ...NL NLχ χ  of which can reach 
gigantic values [18,19], especially nanoscale films [20,21], which 
allows one to create effective focusing by thin films. The main interest 
from the point of view of practical use is represented by layers with 
a thickness substantially less than the wavelength ( )d λ<<  of the 
incident radiation. Therefore, in the future we will call such a layer 
a nonlinear film. The distribution of the electric field strength over 
the beam cross section is generally inhomogeneous and is described 
by the function E(r). Due to the dependence of the refractive index 

on the signal intensity over the cross section ( )2,n r E , the non-
linear film acquires the properties of an optically inhomogeneous 

medium and can, under certain conditions, acquire the properties 
of a collecting lens provided provided:

( 0) 0dn r
dr
=

>

And scattering lenses subject to:

( 0) 0,dn r
dr
=

<

where n(r) is the refractive index of the film.

Main results and Discussion

The optical path difference of two parallel rays in different parts 
of the layer (in the center and at a distance r ) to the observation 
point can be compensated by the path difference of these rays 
outside the film (Figure 1). In this case, the convergence of the rays 
at one point in the half-space un- der the film is observed, and the 
structure with a nonlinear film at the interface is acquiring the 
properties of a collecting lens. Consider the optical difference of 
the two rays shown in Figure 1 (passing through the center of the 
structure and at a distance r from the center):

Figure 1: Passage of a light beam through a film with nonlinear parameters.

[ ] 2 2( 0) ( 0) ( ) ( ) .n r d r f n r d r f r = = = + − + + 

At points in space for which the relation holds:

[ ] 2 2( 0) ( 0) ( ) ( ) ,n r d r f n r d r f r mλ = = + − + + =         (2)    
Where m=0,1,2,... interference maxima are observed. The 

condition for focusing on the central optical axis (interference 
maximum for all parallel rays incident on the film surface) has the 
form:

2 2( 0) ( 0) ( ) ( ) ,n r d r n r d r f r f= = − = + −                       (3)

where f is the focal length, d (r) is the thickness of the layer, in 
the general case, depending on the distance to the center.

Relation (3) shows that the convergence of rays at one point 
(their focus) in the medium in the region y <0 can be achieved in 
several ways:

1)	 By changing the film profile (changing the layer 
thickness d(r)), for materials or medium with a uniform refractive 
index. The focusing condition has the form:

2 2

( ) ( 0) .
f f r

d r d r
n

− +
= = +

The use of layer thickness heterogeneity d (r) is well known 
and is used in conventional lenses [1,2].

2)	 Focusing due to the creation of a stationary radial 
inhomogeneity of the refractive index
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N (r) for films with a constant thickness d = const, at (r<< f )

( )
2

2 2 2( 0) ( ) ( ) .f rn r n r f r f n r
d df

= = + + − ≈                        (4)

The use of artificially created inhomogeneities in the refractive 
index n(r) is possible by alloying the film material. This method 
makes it possible to create flat lenses with a thickness of several  
tens of nanometers [2]. The parameters of such lenses, as well as 
conventional lenses, are station- ary. The production technology is 
quite complicated.

3)	 In this work, focusing in the medium is proposed by 

creating a radial inhomogeneity of the refractive index ( )2, .n r E  
this, radiation with a nonuniform cross section of the beam is used 
due to the use of films with nonlinear parameters. In this case, the 

dependence of the refractive index of the film material ( )2,n r E  
on the intensity level of the radiation incident on the film, which 
is generally inhomogeneous in the cross section, is used. In the 
case of Kerr type nonlinearity, the refractive index has the form 
(1).  Relation (3), taking into account (1), can be used to calculate 
the field distribution E(r) which ensures beam focusing.  The field 
distribution function, providing the condition of phase matching of 
the rays for the first-order Kerr nonlinearity, is determined by the 
expression:

2 2

( ) ( 0) .
NL

f r f
E r E r

dχ
− −

= = −
                                         (5)

Considering that the relation f>>r is usually fulfilled, the field 
distribution function can be represented by the expression: 

2 222
0

2 2( ) ( ) ( 0) .
NL NL

r rE r E E r E r
df fd

π
χ χ

≈ − Η Η ≈ = −          (6)

From relation (6) it follows that for non-linearity of the type 
parallel 0,NLχ >  the condition for focusing a parallel light beam 
takes the form: 

2
2 2( 0)

NL

rE r
fdχ

= >                                                                               (7)

For the field level of the incident radiation and

2

2

2
( 0)NL

rd
f E rχ

>
=                                                                          (8)

for film thickness.

It follows that with a small coefficient of nonlinearity ,NLχ  
focusing is ensured: 1)by increasing the intensity of the radiation 
field, 2) by increasing the thickness of the nonlinear film. With a 
decrease in  the thickness of the nonlinear film, an increase in the 
radiation level is required to ensure focusing of the light.

Conversely, a decrease in the level of radiation to ensure 
focusing requires an increase in the thickness of the

nonlinear film. The focal length at which the conver- gence of 
the rays is observed is inversely proportional to the layer thickness, 
the magnitude of the nonlinearity coefficient and the radiation 
intensity. This value can be adjusted over a wide range. 

  Normalized field distribution E(r=0)/E(r) that ensures focusing 
by a layer of a nonlinear dielectric depending on the generalized 
parameter (squared distance from the axis of the radiation beam 

22 2( ) / 2 ( 0) ,NLr r f d E rα χ = =   characterizing the structure 
parameters is shown in Figure 2 (curve 1). The energy distribution 
in a Gaussian beam is also shown here (curve 2).

Figure 2: Field distribution function, focusing radiation.

A comparison of the functions of the field distribution in the 
beam (6) required for focusing and the Gaussian distribution 
shows their good agreement. The main difference between these 
dis- tributions is observed in the peripheral regions of the beam; 

therefore, to improve the convergence of a pulse with a Gaussian 
field distribution in the cross section, some correction is required 
by sup- pressing the peripheral region of the beam. Note that 
relation (4) allows us to find the intensity dis- tribution necessary 
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to ensure the properties of the collecting lens for the layer and 
with other types of nonlinearity function of the refractive index, in 
particular, high-order Kerr nonlinearity ( 0),χ <  the layer acquires 
the properties of a scattering lens.

The radius of the beam should be limited: 

( 0) / 2NLr E r fdχ≤ =  and depends on the field intensity. When 
using a medium with a nonlinearity of the refractive index 0,NLχ <  
the film of the non linear dielectric acquires the property of a 
scattering lens.

For effective focusing of light with a film, both separate and 
combined changes in parameters are possible d(r), n(r,E).

Thus, films with nonlinear parameters can be used to 
concentrate radiation in bodies by de- positing films on the surface 
of these bodies and introducing radiation, for example, with a horn 
antenna or an aperture of the end of the waveguide (Figure 3). The 
proposed focusing method is more convenient than other known 
methods in the problem of introducing dosed radiation into specific 
areas of solid or liquid bodies to the required depth by applying 
films to the necessary surface areas of these bodies (including 
multilayer ones).

Figure 3: Focusing of waveguide radiation in a multilayer 
structure.

The Influence of the Field Structure in the Aperture on 
the Distribution of Radiation in the Medium

Of great importance for the focusing efficiency in the medium 
is the distribution of the structure of the field of the introduced 
radiation in the aperture of the antenna or from the open end of 
the waveguide. The problem of beam diffraction from the open 
end of a waveguide with a film of a nonlinear dielectric with an 
inhomogeneous field distribution at the end of the waveguide in the 

region 0,y a x a= − ≤ ≤  considered. For simplicity, we consider 
the Fraunhofer diffraction (Figure 4) We divide the open part of the 
wave surface ( 0, )y a x a= − ≤ ≤  into elementary radiation zones 
with a width dx parallel to the edges of the aperture. The waves sent 
by the secondary  sources of zones in the direction of the angle φ  
will be collected at one point at the focal length  of the lens (Figure 
4). Each secondary source dx in the region  0,y a x a= − ≤ ≤  
creates oscillation dEϕ  at this point.  Its amplitude is proportional 
to the width of the zone dx.

Figure 4: Aperture field distribution and beam path.

The resulting amplitude of the oscillations created by the 
secondary waves of all parallel rays over the entire width of the 
emitter 2a is determined by the ratio:

[ ]1 2( ) exp ( ( ) ( )) ,
a

a

E dE E x i t x x dxφ φ ω φ φ
−

= = −∆ −∆∫ ∫

Where 1
2( ) sinx k xφ ϕ
λ
Π

∆ = ∆ =  is the phase difference 
between the beam coming from the center of the waveguide and 
the beam coming from the aperture element with the coordinate 

x, ( )2
2 2 1( ) ( ) ...x k kd E xφ χ∆ = ∆ = +  is the phase difference formed 

by the dependence of the refractive index of different parts of the 
wave surface of the film in the aperture plane on the field intensity 

2 /k π λ= is the wave number , λ is the wavelength.

With a uniform field distribution in the region of the waveguide 
aperture 0,( )E x E= we have the field distribution in the diffraction 
zone:

0
sin cos( ),uE E t u

uϕ ω = − 
 

Where ( / ) sin .u aπ λ ϕ=  For the radiation intensity in the 
direction of the angle ϕ , we have
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2

0
sin .uI I

uϕ
 =  
 

In the particular case when the inhomogeneous field distribution 
in the region 0,y a x a= − ≤ ≤  is described by function(6)

( )2
0( ) 1 ,E x E xα= −

Then

2 ( sin ) ( sin ) 2( sin )
0 0(1 )

a a a
i t kx i t kx t kx

a a a

E E x e dx E e dx x dxω ϕ ω ϕ ω ϕ
ϕ α α− − −

− − −

 
= − = − 

 
∫ ∫ ∫

Or

2 2
2

0 2 2

sin( ) 2 22 1 cos( ) ,i t x a aE E e a x
x x x

ω
ϕ

α αα
  

= + − + −  
  

Where sin .x ka ϕ=  The transmission coefficient of a wave 
with an inhomogeneous field distribution in the region a x a− ≤ ≤  
at the open end of the waveguide has the following form:

22 2 2
2 2

2 2
0

sin( ) 2 24 1 cos( ) .i tE x a ak e a x
E x x x
ϕ ω

ϕ
α αα

    
= = + − +    

      

Figure 5 shows a graph of the distribution of the radiation 
intensity as a function of the gener- alized parameter x, including 
the diffraction angle and the wavelength aperture normalized to 
the wavelength for various parameters α of the field inhomogeneity 
in the gap region.  From the graph it follows that the maximum 
wave intensity depends on the degree of field inhomogeneity over 
the beam cross section (characterized by the parameter α ). The 
angles of diffraction minima do not de- pend on the degree of field 
inhomogeneity. 

Figure 5: The dependence of the transmission coefficient on the parameter 2sin :1 0x ka aφ α= − =  is a homogeneous field, 
2 22 0.1,3 0.5.a aα α− = − =

The graphs show that the field non-uniformity in the gap 
plane leads to an additional redistri- bution of the field intensity 
compared to a uniform field. The intensity of the maxima increases 
and shifts to the center of the diffraction pattern. An even greater 
dependence of the field structure in the diffraction region is 
observed when the higher modes of the waveguide and other 
types of light intensity distribution in the region of the waveguide 
aperture fall for different modes of various types of waveguides [22-
24]. Thus, the field unevenness in the region of the openings in the 
screens can significantly affect diffraction pattern. The structure of 
the diffraction field, taking into account the inhomogeneity of the 
field in the aperture of the waveguide and the nonlinearity of the 
film parameters, can be calculated by numerical methods. For a 
uniform field distribution in the region of the waveguide aperture, 

an analytical relation can be obtained for the wave to pass through 
the film, taking into account the nonlinearity of the refractive index 
of the film

2
1

2

1
1 1( sin )

0 1

( sin ) sinexp .
4 2

.
2

a
t t kx kd x i t

a

i kx ikxerf ikd x
kd ikdE

e dx e
E ikd
ϕ ω ϕ χ ω

ϕ ϕπ χ
χ χ

χ
− −

−

  
+       = =∫

Conclusion

It is established that when radiation passes through a flat 
layer or a dielectric film with non- linear parameters, radiation is 
focused in the medium on whose surface they are deposited. The 
depth of the focusing region depends on the parameters of the 
refractive index of the nonlinear film, the distribution function of 
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the beam intensity over the cross section, and the film thickness. 
The field distribution in the medium depends on the field intensity 
distribution in the aperture of the emitter, which is especially 
pronounced when using higher types of waveguide waves, as well 
as on the parameters of the nonlinear film. Focusing radiation by 
nonlinear films makes it possible to use them for point focusing of 
radiation in the internal regions of various radiation-transparent 
media, in particular, biological bodies. In this case, it is possible to 
effectively control the depth of focus of radiation in the medium 
by changing the intensity of the input radiation, its field structure. 
The gi- ant nonlinearity of nanoscale films shows their promise for 
focusing radiation in media. The results obtained can be used both 
in single-layer and in multilayer media.
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